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Solving fractional van der Pol system based on Adams discretization
and Newmark-8 method
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Abstract: This paper focuses on the numerical solution method of the van der Pol equation with fractional
differential operators. In this paper, a discretization scheme based on the Adams discretization is pro-
posed for Caputo fractional derivative. Then, a complete iterative scheme is constructed based on the
Newmark- method. Finally, the numerical solution of the nonlinear discretization equation is obtained
by Newton-Raphson iteration. In the numerical examples, the numerical responses of van der Pol sys-
tems with fractional order 0 < @ < 1 and 1 < a < 2 are discussed respectively. Moreover, the compari-
son between the proposed method and the fourth-order Runge-Kutta method is also discussed. The re-
sults proved that the proposed numerical scheme is also suitable for integer-order differential systems.
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Fig. 3 The time histories(a) and phase(h) obtained by fourth—order RK method and the algorithm of this paper when a = 1

1 AtZ a 1 1 1
_ 1 d _ . Y LR 5
(,BAtZ MF(4—O[)BAt2 " )x"+'u _a)(z Xi ,BAt BAL‘x”?] (2B )xnl)xn

A« 1 R 1 1 . 1 ..
+ R - - — -1 (18)
Pra-a)pac™ ~pac ™ gt ( )”1‘

A e " . X, - _i~ i_ =
_Mr“_a)(;di’nxi BAL‘Z BAt X, -1 (zﬁ 1) 1)—0.
2, WA (18) 1%

A'x,+B'x,>+ C'x,>+ D =0, (19)
/\q:|
1 A1 A 1
A= - +1, C=p——-,
BAP? ’LLI‘(4—oz),8At2 MF(4—01):3AIZ

AV X 1 1
B =y~ d i - n-1 _7, 1y ’
H* r4- a)(izo i BAL ,BAt - (ZB ) ])

, 1 1. 1 " AN LR 1
LN A I [ I e R
Eiefﬁwiw,EhﬁﬁgﬁuBuﬁwﬂhﬁ\%t“a%m%mﬂ,Mﬁﬁ(w)%%?*
RIS x, AR MR BT B . W, ARATTRE (10) 153 RGeS ek i .
AR, Newmark-Bi% S EIRE S 2. 1 A, BIEEKICAL = 0.1« = LSHF, R (17) 1)
Ao AR e L FIAR L, A&l 4 FEL S Fs o

3
2
n
—11
g+
-10 T T T T T - T
0 50 100 150 200 250 300 -5 0 5
I Al/s fr#
K4 HREO7) R R 5 ZS(17) WA

Fig. 4 The time histories of system (17) Fig.5 Phase diagram of system (17)



%5 FLHEA, . T Adams B HUM Newmark—8 13K #4354 van der Pol 5% 131

N 4 BRI R AT AR Y, T RHRIRES A, RGBT RS R, Zead— et )5 4 ik
ARz, H, mTAEG Do =15, HEFMLS o = 050 AR, MHEWABSHX, ik, o=
1.5 %F 7 A AR b o = 0.5 P /INME 22 [AlRE, M08 ik e — 20, REGE (17) WaRACHXTHY
BB vdP R 55

o = 20F, PUKY RK & AASCHrE 7 23045 R RE R R RAR L, niEl 6 ifn. M 6 T LB, AR
LAY RK LSS RV GAE G T4 fE 6 (a), AILIE B a = 1.5 fla = 21} vdP RGN 58 4
AW X Fa = LS vdP REGE, FRG00 U AN EARAF7E B B AR0E . XTELIE S Al 6 (b), Al
LRI = 15X AR B5E T—A T8, Mie = 2B (AR I — MR . [RIRERY, AR SCRTHR 19 B ik
F& FNEAE 7 A PT AR AP HIoR A% 1 < o < 2 19505000 vdP R 55

(@) (b)
1.0 S 1.5 3
® JUFRK: o [URKIE
— BHE — AICH%
1.0
0.5
0.5+
5 -
2 001 w007
—0.54
—0.54
—1.0+
-1.0 T T T T T -15 T T T T T
0 5 10 15 20 25 30 -0.6 -0.4 -0.2 0.0 0.2 0.4 0.6
A []/s V%21

K6 o=20F, MUBrRKEMASEEGRFE L (a) FAHE (b)
Fig. 6 The time histories and phase obtained by fourth—order RK method (a) and the algorithm of this paper (b) when a = 2

3 45 i

ARSCHET Adams B HUA Newmark—-B 1%, $EH T —F R #5350 van der Pol REEHIZ L AKX, IF0
FHE T 0 <a < 1AL < o < 2XF B 1Y vdP RGBSR i . S5 RFHT, A SO 77 T DARSE 3145 73 4K
B s R G RBUE SR . AN, TATETHE T o — 1 fila — 20, BI43E0Hr vdP R G0iB 1k KB vdP 2258
BFIETE . S5RRM, RSO EEBIE AU RKIESRAG M EE R GAEF IF . TR b, A SCRr 4 g % A% 5K
16 T AT A BN o R 5

SE 3k
(1] 5kPHAs, XIBERl, fada . ARtk R g e B IR sh i 2 g 8] RO THB vE [T ], Wil R2g2a 3k (B SR B2/ , 2018, 57
(6): 63-70.

(2] AU, HORZE, 43,55 . 0B PID X 80 A il BRIk TR0 2 e [T ). #R3h5 il 2016, 35(24) : 88-95.

[3] LIUG, WANG L, LUO W L, et al. Parameter identification of fractional order system using enhanced response sensitivity
approach[ﬂ. Communications in Nonlinear Science and Numerical Simulation, 2019, 67: 492-505.

(4] X0, XIGERE, BaR . ST i sl b R SO B AR M R S HAN ], R85 kit 2018, 37(21): 213-219.

[5] LIUG, WANG L, LIU J K, et al. Parameter identification of nonlinear aeroelastic system with time—delayed feedback control
[J]. AIAA Journal, 2019, 58(1): 415-425.

[6] LEUNGYT, YANG H X, GUO Z J. The residue harmonic balance for fractional order van der Pol like oscillators[J]. Journal
of Sound and Vibration, 2011,331(5): 1115-1126.

[7] BARBOSA RS, MACHADO J AT, VINAGRE BM , et al. Analysis of the van der Pol oscillator containing derivatives of
fractional order[J]. Journal of Vibration and Control, 2007, 13(9/10): 1291-1301.

[8] CHENJH, CHEN W C . Chaotic dynamics of the fractionally damped van der Pol equation [J]. Chaos, Solitons & Fractals,
2006, 35(1): 188-198.



132

iRzl (ARRRARD . (R9Es0) 561 45

[10]
[11]

[12]

[13]
[14]

[15]
[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

FALAT, EHF . —JE5 BB Duffling—van der pol R G RIRIE R 2 [J]. &5 AR F2=4 (BE24 ) , 2016, 54(2) -

369-373.
TG, Bk, LY. B van der Pol JRF IO BIRILIR ). Pr3a#4f, 2014, 63(1): 47-58.
WUBS , LIM C W . Large amplitude non-linear oscillations of a general conservative system[J]. International Journal of
Non-Linear Mechanics, 2004, 39(5): 859-870.
LIU G, LU Z R, WANG L, et al. A new semi-analytical technique for nonlinear systems based on response sensitivity
analysis[]]. Nonlinear Dynamics, 2021, 103(2): 1529-1551.
XIPE, A, RAOL. AR MEWIRT A BR2E /- BUE AU L) ). ARy B R, 1998, 33(1): 1-10.
PRINCE P J , DORMAND J R . High order embedded Runge—Kutta formulae [J]. Journal of Computation and Applied
Mathematics, 1981, 7(1): 67-75.
U, XUAERK, RAAE . — T SORANFRIME LT ], 1282440, 2007(5) : 672-677.
DIETHELM K , FORD N J , FREED A D . A predictor—corrector approach for the numerical solution of fractional differential
equations[ﬂ. Nonlinear Dynamics, 2002, 29(1/4): 3-22.
WD, BRCs . — M AR Jr R Y Newton Bk ACHE [T ], B 07 B LR R =2 M (A AR ,2009,1(4)
377-381.
WENSF , SHENY J, LIX H ,et al. Dynamical analysis of mathieu equation with two kinds of van der Pol fractional-order
terms[ J]. International Journal of Non—Linear Mechanics, 2016, 84: 130-138.
LIN R , LIU F . Fractional high order methods for the nonlinear fractional ordinary differential equation [J]. Nonlinear
Analysis: Theory, Methods & Applications, 2005, 66(4): 856-869.
MEERSCHAERT M M , SCHEFFLER H P , TADJERAN C . Finite difference methods for two—dimensional fractional
dispersion equation[ﬂ. Journal of Computational Physics, 2005, 211 (1): 249-261.
MACDONALD C L., BHATTACHARYA N , SPROUSE B P , et al. Efficient computation of the Griinwald—Letnikov
fractional diffusion derivative using adaptive time step memory[J]. Journal of Computational Physics, 2015, 297: 221-236.
WA, AR, BEESE. BT Caputo SEUNY /BN AE L MR 3 R gema i3T5 [J]. 5 J1 %254, 2018, 35(4) :
466-472.
ZAID O . Approximations of fractional integrals and Caputo fractional derivatives [J]. Applied Mathematics and Computa-
tions, 2005, 178(2): 527-533.
LIUQX , LIUJK , CHEN Y M . An explicit hybrid method for multi-term fractional differential equations based on Adams
and Runge—Kutta schemes[J]. Nonlinear Dynamics, 2016, 84(4): 2195-2203.
XN, XUGERE, BEATR . T Wilson—6 Fll Newmark—8 ¥ 1 9E &t 3 SRR [T ]. T 2Rk, 2017, 34
(4):433-439.
LUZR, LIUG, LIU J K, etal. Parameter identification of nonlinear fractional-order systems by enhanced response sensi-

tivity approach[] 1. Nonlinear Dynamics, 2019, 95(2): 1495-1512.

(REHE EiBE)
(&1 ATI4HER)



